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The notion of Igusa-Todorov classes is introduced in connection with the finitistic 
dimension conjecture. As application we consider conditions on special ideals which 
imply the Igusa-Todorov and other fmiteness conditions on modules proving the 
■ finitistic dimension conjecture and related conjectures in those cases. 

03 

MSC: 16E05; 16E10; 16G20 

Key words: finitistic dimension; Igusa-Todorov class; ideal; radical 



> 

m 
O 

o\ 
o 



Introduction 



Throughout the paper, we work on artin algebras and finitely generated left modules. 

Let A be an artin algebra. Recall that the finitistic dimension of A, denoted by 
findimA, is defined to be the supremum of the projective dimensions of all finitely gener- 
ated modules of finite projective dimension. The famous finitistic dimension conjecture 
claims that findimA < oo, for any artin algebra A. The conjecture is still open and is 
related to many other homological conjectures (e.g., the Gorenstein symmetry conjecture, 
the Wakamatsu-tilting conjecture and the generalized Nakayama conjecture). 

Until recently, only a few classes of algebras were known to have finite finitistic di- 
mension, see for instance [H EJ [3] etc.. In particular, the finitistic dimension conjecture 
holds for algebras of representation dimension at most 3, algebras with radical cube zero, 
monomial algebras and left serial algebras, etc.. 

All the above-mentioned algebras are Igusa-Todorov algebras, a notion introduced in 
[T2] for algebras whose fmiteness of finitistic dimensions is assured by the Igusa-Todorov 
functor [5]. Many algebras which are recently proved to have finite finitistic dimension 
are also Igusa-Todorov fT2] . 

In this paper, we introduce the notion of Igusa-Todorov classes and apply them to 
obtain new Igusa-Todorov algebras. The main results are as follows. 
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Theorem 0.1 Let A be an artin algebra. 

(1) Assume that /, J are two ideals of A such that IJr&dA = 0. Then A is Igusa- 
Todorov provided one of the following conditions is satisfied. 

(i) A/I is representation- finite, pd A J < oo and A/ J is syzygy- finite. 

(ii) A/ J is representation- finite, pd A I < oo and A/ 1 is syzygy- finite. 

(Hi) Both A/ 1 and A/ J are syzygy-finite and both A I and A J have finite projec- 
tive dimension. 

(2) Assume that = Jq C I x C • • • C I n are ideals in A such that pd A Ii + \ < oo 
and (Ii + i/Ii)r&d(A/Ii) = 0, for each < i < n — 1. If A/I n is syzygy-finite (resp., 
syzygy-bounded, Igusa-Todorov) , then A is also syzygy-finite (resp., syzygy-bounded, Igusa- 
Todorov). 

In particular, the finitistic dimension of A is finite in all the above cases. 

Recall now the following well-known conjectures (see for instance [3, [7]). Assume that 
A is an artin algebra. 

Gorenstein symmetry conjecture id(^A) < oo if and only if id^^) < oo, where 
id denotes the injective dimension. 

Wakamatsu-tilting conjecture Let A u be a Wakamatsu-tilting module. (1) If 
\)d A u < oo, then uj is tilting. (2) If id a uj < oo, then u is cotilting. 

Generalized Nakayama conjecture Each indecomposable injective A-module oc- 
curs as a direct summand in the minimal injective resolution of aA. 

Note that the Gorenstein symmetry conjecture and the generalized Nakayama con- 
jecture are special cases of the second Wakamatsu-tilting conjecture. Moreover, if the 
finitistic dimension conjecture holds for A and A° (hereafter A° denotes the opposite 
algebra of A), then all the above conjectures hold. 

Small's results [10] shows that if A has a nilpotent ideal / such that pd^J < oo and 
(A/ 1) has finite finitistic dimension, then A° has also finite finitistic dimension. Hence, 
combining with the fact that, for a syzygy-finite algebra A, both the finitistic dimensions 
of A and A are finite (see for instance we have the following corollary. 

Corollary 0.2 The Gorenstein symmetry conjecture, the Wakamatsu-tilting conjecture 
and the generalized Nakayama conjecture hold for algebras in Theorem 10.11 (1), provided 
that moreover, one of there considered ideals is nilpotent. 

In particular, Small's results [10] shows that the finitistic dimension of A° is finite 
provided that pd A rad 2 A < oo or pd A rad 3 y4 < oo (see for instance [H]). It is natural to 
ask if the finitistic dimension of A is also finite in these cases. The following corollary 
gives a partial answer to that question. 

Corollary 0.3 Let A be an artin algebra. Then the finitistic dimension of A is finite 
provided that A satisfies one of the following two conditions. 

(1) rad 5 A = and pd A rad 2 A < oo. 

(2) rad n v4 = and pd A r&d l A < oo for each i > 3. 

In particular, the Gorenstein symmetry conjecture, the Wakamatsu-tilting conjecture 
and the generalized Nakayama conjecture hold for algebras in two cases. 



In the last section, we give examples to show that our results do apply to obtain 
algebras with finite finitistic dimension. In particular, our methods are compared with 
the others, for instance, the recent results of Huards, Lanzilotta and Mendoza [I] using 
their infinite radical. 

1 Preliminaries 

Throughout this paper, A is always an artin algebra. We denote by A— mod the 
category of all (finitely generated) A-modules. If M is an A-module, we use pd A M to 
denote the projective dimension of aM and use Vt l A M to denote the i-th syzygy of M (we 
set Q° A M := M). The notion add^M denotes the category consists of all direct summands 
of finite direct sums of M. 

Let C be a class of A-modules. We denote gdC := sup{pd A M\M G C}. We use Q n C to 
denote the class of A-modules which are isomorphic to VL\M for some M G C. The class 
C is said to be add-finite provided that C C add^C for some A-module C, or equivalently, 
the number of non-isomorphic indecomposable direct summands of objects in C is finite. 
Moreover, we say that C is (n-) syzygy- finite provided that there is some n such that Q n C is 
add-finite. If A— mod is syzygy-finite, then we also say that A is syzygy- finite. Note that 
if C is ra-syzygy-finite, then Q l C is add-finite for any i > n and VL l C is (n — z)-syzygy-finite 
for each 1 < i < n. 

More generally, we say that a class of /1-modules C is add-bounded if the non-isomorphic 
indecomposable direct summands of objects in C have bounded length. We say that C is 
(n-) syzygy-bounded if there exists n so that Q l C is add-bounded for each i > n. If A— mod 
is syzygy-bounded, then we also say that A is syzygy-bounded. Obviously an add-finite 
(resp., a syzygy-finite) class is add-bounded (resp., syzygy-bounded). 

Note that syzygy-bounded classes have finitistic projective dimension by a well-known 
theorem of Jensen and Lenzing [6] which is based on a theorem of Schofield [9] . 

It is easy to see that if V C C and C is add-finite (resp., syzygy-finite, add-bounded, 
syzygy-bounded), then V is also add-finite (resp., syzygy-finite, add-bounded, syzygy- 
bounded). 

Now let us recall the definition of Igusa-Todorov algebras introduced in [12] , By 
definition an artin algebra A is called {n-) Igusa-Todorov provided that there exists a fixed 
A-module A V and a nonnegative integer n such that, for any M G A— mod, there is an 
exact sequence — > V\ — > Vo — > Q A M — > with Vq, V\ G add^V^. A remarkable property 
of Igusa-Todorov algebras, which is also the reason why Igusa-Todorov algebras were 
named, is that these algebras can be shown to satisfy the finitistic dimension conjecture 
by using the following results on the Igusa-Todorov functor defined in [5] . 

Lemma 1.1 [5] For any artin algebra A, there is a functor \1/ which is defined on the 
objects of A— mod and takes non-negative integers as values, such that 

(1) #(M) = pd A M provided that pd A M < oo. 

(2) *ff(X) < y&(Y) whenever add^X C add^F. The equation holds in case add^A = 
add^y. 



(3) If — > X — > Y — > Z — > is an exact sequence in A— mod, then pd A Z < 
ty(X ® Y) + I, provided that pd A Z < oo. 

The class of Igusa-Todorov algebras is large and includes all algebras of representation 
dimension at most 3, algebras with radical cube zero, monomial algebras and syzygy-finite 
algebras, etc. fT2] . 



2 Igusa-Todorov and other finiteness conditions 

Inspired by the definition of Igusa-Todorov algebras, we introduce here the following 
notions. 

Definition 2.1 Let C be a class of A-modules. Then C is said to be (n-) Igusa-Todorov 
provided that there is an A-module and some nonnegative integer n such that, for any 
M G Q n C, there is an exact sequence — > V\ — > Vo — > M — > with Vo, V\ G add^V. The 
module aV is then called an (n-)C -Igusa-Todorov module. 

By definition, we immediately obtain that all syzygy-finite classes are Igusa-Todorov. 

Remark 2.2 (1) I/CCD and T> is Igusa-Todorov, then C is Igusa-Todorov too. 

(2) A is an Igusa-Todorov algebra if and only if A— mod is Igusa-Todorov. 

(3) C is n-Igusa-Todorov if and only if Q n C is 0- Igusa-Todorov. 

(4) If Q l C is Igusa-Todorov for some i > 1, then C is also Igusa-Todorov. 

(5) In general, there are many n-C-Igusa-Todorov modules for an n-Igusa-Todorov 
class C. 

Lemma 2.3 Let C be a class of A-modules. If C is O-Igusa-Todorov, then Vt % C is also 
O-Igusa-Todorov, for any i > 1. 

Proof. Let aV be an n-C- Igusa-Todorov module. Then for any M e C, there is an exact 
sequence — > V\ — > Vo — > M — > with Vo, V\ G add^V^. By the Horseshoe Lemma, 
for any Vt A M, there is an exact sequence — > WaVi ^aVq © P ~ > Q % A M — > for 
some projective A-module P. Hence Q % C is O-Igusa-Todorov with a 0-£TC-Igusa-Todorov 
module tf A V © A. □ 
Immediately by Lemma [2.31 and Remark 12.21 (3), we obtain the following proposition. 

Proposition 2.4 Let C be a class of A-modules. If C is n-Igusa-Todorov, then Vl l C is 
also n-Igusa-Todorov for any i > 1. In particular C is m-Igusa-Todorov, for any m > n 
in that case. 

The following result gives a method to obtain Igusa-Todorov classes. 

Proposition 2.5 Let C,V,S be three classes of A-modules such that, for any E G S, 
there is an exact sequence 0— > C — > D — > E — > with C G C and DeD. 

(1) IfC,V are syzygy-finite, then S is Igusa-Todorov. 

(2) If C is syzygy-finite (resp., syzygy-bounded) and gdV < oo, then £ is also syzygy- 
finite (resp., syzygy-bounded) . 

(3) If C is Igusa-Todorov and gdT> < oo, then £ is also Igusa-Todorov. 



Proof. By assumption, for any E G S, there is an exact sequence 0— > C — > D — > E — > 
with C £ C and D G T>. Thus, for any n > 1, we obtain an exact sequence — > Q n C — > 
Q n D © P — > Q n E — > for some projective A-module P, by the Horseshoe Lemma. 

(1) Take n to be an integer such that both Q n C and Q n V are add- finite, and denote that 
U = ®Ui (resp., V = ©V*), where Ui (resp., Vi) lists all the non-isomorphic indecompos- 
able direct summands of objects in Q n C (resp., Q n D). Then we have that Q n C G add^U 
and Q n D G add^^- It follows that £ is n-Igusa-Todorov with an n-£- Igusa-Todorov 
module U © V © A. 

(2) Take n to be an integer such that Q n C is add-finite (resp., add-bounded) and 
gd£> < n. Then Vl n D is projective. It follows that Q n C ~ Vl n+l E © Q for some projective 
Q. Now we easily obtain that Q n+1 £ is add-finite (resp., add-bounded). Hence, £ is 
syzygy-finite (resp., syzygy-bounded) by the definition involved. 

(3) Take n to be an integer such that C is n- Igusa-Todorov and gdV < n. Similarly 
to the proof of (2), we obtain that Q n C ~ Q n+1 E © Q for some projective Q. Note 
that there is an exact sequence — > V\ — > V — > fi n C — > with Vo, Vi G add^V, where 
^V^ is an n-C-Igusa-Todorov module. Since Q is projective, we can also obtain an exact 
sequence -> V{ ->■ V ' -> fi n+1 E ->■ with V" ', 1// G add^V". It follows that £ is 
(n + l)-Igusa-Todorov with an (n + l)-£-Igusa-Todorov module. □ 

Corollary 2.6 Let C,V,£ be three classes of A-modules such that, for any E G £, there 
is an exact sequence — > C — > D — > ■ • • — > D n — )• E — > wift C G C and each Di G P. 
7/C is syzygy-finite (resp., syzygy-bounded, Igusa-Todorov) and gdV < oo, then £ is also 
syzygy-finite (resp., syzygy-bounded, Igusa-Todorov). 

Proof. Denote £ := C , and inductively, £ i+ i := {M\ there is an exact sequence — > 
C — > D — > M — > with C G £i and D G T>}. Then by assumptions and Proposition I2.5[ 
inductively we obtain that each £^ is syzygy-finite (resp., syzygy-bounded, Igusa-Todorov). 
Note that £ C £ n+ i, so £ is also syzygy-finite (resp., syzygy-bounded, Igusa-Todorov). □ 

We say that two classes of A-modules C, T> are syzygy equivalent if there exist n, m so 
that add(f2 n C) = add(f2 m P) (up to the class add^A). For example, if there is a finite 
exact sequence in which all but two modules M, N have finite projective dimension then 
addM, addiV are syzygy equivalent. It is obvious that for a class C, all classes fl l C and C 
are syzygy-equivalent. It is also easy to see that C is syzygy-finite (resp., syzygy-bounded, 
Igusa-Todorov) if and only it is in the syzygy equivalent class of an add-finite (resp., add- 
bounded, O-Igusa-Todorov) class. 

We have the following result. 

Proposition 2.7 Let A — >■ R be a homomorphism of of artin algebras. If pd A R < oo, 
then the restriction functor: 

R — mod A — mod 

preserves syzygy equivalence and sends syzygy equivalence classes of modules to syzygy 
equivalence classes of modules. 

Proof. For a class C of i?-modules, we denote by j\C the image of C under the restrict 
functor. Note that for any _R-module M G VtC (resp., iV G C), there is an exact sequence 



O^M^P^N^O with P G add R R and N £ C (resp., M e QC). Applying the 
restrict functor (which is clearly exact), we obtain that, for any A-module aM G A VlC 
(resp., aN £ a^)i there is an exact sequence of A-modules — > — > aP aN 
with P G addyi-R and aN £ Ca (resp., G ^fiC). Since pd A R < oo, we see that 
a{SIC),aC are syzygy equivalent. It follows that ^(Q 1 C),aC are also syzygy equivalent for 
any i > 0. 

Assume now that C,P C E - mod are syzygy equivalent. It is enough to show that 
A C, a V ^ A — mod are syzygy equivalent. 

By the definition, there exist n, m so that add(f2 ra C) = add(f2 m D) up to the class 
add/j-R. Restricting them to A— mod, we have that a.dd A (Q n C) = a.dd A (Q m V) up to 
the class add^i?. Since pd^i? < oo, it is easy to see that A (Q n C), a^™?)) are syzygy 
equivalent. Note that ^(f2 n C) and A C (resp., ^(fi" 1 ©) and A V) are s Y z ygy equivalent by 
the above argument, so we obtain that A C )A T> are s Y z ygy equivalent. □ 

Corollary 2.8 Let A — > R be a homomorphism of artin algebras such that pd A R < oo. If 
the class of R-modules C is syzygy-finite (resp., syzygy-bounded, Igusa-Todorov), then its 
image under the restrict functor, A C, is also syzygy-finite (resp., syzygy-bounded, Igusa- 
Todorov). In addition, ifDCL A— mod is syzygy equivalent to a subclass of A C, then T> is 
also syzygy-finite (resp., syzygy-bounded, Igusa-Todorov). 

Proof. Note that the restrict functor R— mod — > A— mod is exact and length preserving, 
so all relevant finiteness conditions (e.g., add-finite, add-bounded, O-Igusa-Todorov) on a 
class of -R-modules are inherited by its image in A— mod. Hence, if C is syzygy-finite (resp., 
syzygy-bounded, Igusa-Todorov), then A C is also syzygy-finite (resp., syzygy-bounded, 
Igusa-Todorov) by Proposition 12.71 The remained part is obvious. □ 

Let A and R be artin algebras. Following [14] . we say that R is a left idealized extension 
of A, provided that A C R has the same identity and radA is a left ideal in R. It was 
shown that every finite dimensional algebra admits a chain of left idealized extensions 
which is of finite length and ends with a representation-finite algebra [TU Lemma 4.6]. 

Generalizing [TBI Theorem 3.1], it is proved in [T2T Theorem 2.9] that if A = A C 
• • • Q A m = R are artin algebras such that, for each < i < m — 1, A i+ i is a left idealized 
extension of Ai and pd A Aj + i < oo, and R is Igusa-Todorov, then the finitistic dimension 
of A is finite. One part of the following result shows that the artin algebra A obtained in 
that way is in fact Igusa-Todorov. 

Theorem 2.9 Assume that A = Aq C ■ ■ • C A m = R are artin algebras such that, for 
each < i < m — 1, A i+ i is a left idealized extension of A^ and pd A A i+ i < oo. If R is 
syzygy-finite (resp., syzygy-bounded, Igusa-Todorov), then A is also syzygy-finite (resp., 
syzygy-bounded, Igusa-Todorov). In particular, the finitistic dimension of A is finite. 

Proof. Take any Xo G A— mod. By [TU Erratum, Lemma 0.1], if A\ is a left idealized 
extension of A, then for any X G A— mod, Q 2 A (X) ~ QaiZ © Q as Aj-modules for some 
Z,Q G Ai— mod with a x Q projective. Thus, by assumptions and inductively, we see 
that, for each < i < m — 1 and each Xj G A^— mod, Q 2 A .(Xi) ~ Q Ai+1 (X i+ i) © P i+1 
as y4 i+1 -modules for some X i+ i,P i+1 G mod and A i+1 Pi+i projective. Hence we 



have the following exact sequence of Aj+x-modules, where P/ +1 is the projective cover of 

o -> n% +i (x l+1 ) -+ p> +1 © p i+1 -+ n%(Xi) -+ o. 

It is easy to see that all these exact sequences can be restricted to the exact sequences 
of A-modules. Thus we can combine all these exact sequences and obtain the following 
exact sequence of A-modules: 

o -»• nl^ix^) ->• p' m _ x © p m ^ -»• — >p[@Pi^ n\{x ) -»• o. 

Denote now V = add^(©^ Q Aj), then each P/ © P G D and gd£> < oo by assumption. 
Let TZ be the class of all A-modules which are restricted from P-modules. Then we 
obtain that A— mod is syzygy equivalent to a subclass of 1Z from the above exact sequence. 
Therefore, if that R is syzygy- finite (resp., syzygy-bounded, Igusa-Todorov), then A— mod 
is also syzygy- finite (resp., syzygy-bounded, Igusa-Todorov), by Corollary 12.81 □ 

Corollary 2.10 Assume that A = A C • ■ ■ C A m = R are artin algebras such that, 
for each < i < m — 1, A i+ i is a left idealized extension of Ai and pd Ai v4 i+ i < oo. 
If R is syzygy- finite (resp., syzygy-bounded, Igusa-Todorov) and R° has finite finitistic 
dimension, then the Gorenstein symmetry conjecture, the Wakamatsu-tilting conjecture 
and the generalized Nakayama conjecture hold for A. 

Proof. Since pd A .A i+ i < oo for each < i < m — 1, we easily obtain that pd A A i+ i < oo. 
It follows from Theorem 12.91 that the finitistic dimension of A is finite. Moreover, by 
assumptions and [131 Corollary 3.7], the finitistic dimension of A° is also finite. Now the 
conclusion follows from these two facts. □ 

3 Conditions on ideals 

The following result can be compared with [T4l Theorem 3.2], where it was proved that 
if A has two ideals J, J such that IJ = and A/ 1 and A/ J are representation-finite, then 
the finitistic dimension of R is finite. In fact, it is shown in [12] that A is 0- Igusa-Todorov 
in that case. 

Theorem 3.1 Assume that I, J are two ideals of A such that IJr&dA = 0. Then A is 
Igusa- Todorov provided one of the following conditions is satisfied. 

(1) A/ 1 is representation-finite, pd A J < oo and A/ J is syzygy- finite. 

(2) A/ J is representation-finite, pd^J < oo and A/ 1 is syzygy- finite. 

(3) Both A/ 1 and A/ J are syzygy-finite and both A I and A J have finite projective 
dimension. 

In particular, the finitistic dimension of A is finite in all three cases. 

Proof. Denote by (resp., J X) the class of all A-modules which are also ^//-modules 
(resp., A/J-modules). For any iV 6 Q(A— mod), we have that iV C radyiP for some 
projective A P. Denote C\ := JN and C<i := N/JN, then we have an exact sequence 
->■ C x -» iV -> C 2 -> 0. Note that, by assumptions, IC X = UN C JJrad^P = and 



JCi = J(N/JN) = , so C\ is also an A/J-module and C 2 is also an Aj J- module. Now 
consider the following pullback diagram, where the right column is taken such that aP is 
the projective cover of aC 2 - 
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Note that Q A C 2 G ^Xt and Ci © P G V := {C © P|C el A ,P e &dd A A}, so if we 
show that both VLJa an d ^ are s y z ygy _ finite, then A is Igusa-Todorov by Remark [2721 (3). 
Proposition 12.51 and the middle column in the diagram. 

(1) If pd A J < 00 and A/ J is syzygy- finite, then pd A A/J < 00. By Corollary 12 .8[ we 
obtain that the class Ja is syzygy- finite. It follows that VLJa is also syzygy-finite. Since 
A/ 1 is representation- finite, the class T> is clearly also syzygy-finite. 

(2) Similarly as in (1), we have that Z4 is syzygy-finite. It follows that D is also 
syzygy-finite. Since A/ J is representation-finite, the class VLJa is clearly also syzygy- 
finite. 

(3) Similarly as in (1), we have that both X4 and J a are syzygy-finite by Corollary 
12.81 Consequently, both VLJa and V are syzygy-finite. □ 

The following list mentions some known classes of syzygy-finite algebras. 

• Algebras of finite representation type (in fact 0-syzygy- finite). 

• Algebras of finite global dimension. 

• Monomial algebras (indeed 2-syzygy-finite) [17] . 

• Left serial algebras (indeed 2-syzygy-finite) [TS] , 

• Torsionless- finite algebras (indeed 1-syzygy-finite) c.f. [8], including: 

o Algebras A with rad*M = and A/rad n_1 A representation-finite. 

o Algebras A with rad 2 A = 0. 

o Minimal representation-infinite algebras. 

o Algebras stably equivalent to hereditary algebras. 

o Right glued algebras and left glued algebras. 

o Algebras of the form A/socA with A a local algebra of quaternion type, 
o Special biserial algebras. 

• Algebras possessing a left idealized extension which is torsionless-finite (indeed 2- 

syzygy-finite) [12]. 

Corollary 3.2 Let A be an artin algebra. If there is an ideal I such that PradA = {for 
instance I 2 = 0), pd A I < 00 and A/I is syzygy-finite, then the finitistic dimension of A 
is finite. 



A special case of the above corollary is as follows. 



Corollary 3.3 Let A be an artin algebra with rad 2n+1 A = 0. If pd^rad'M < oo and 
A/ra,d n A is syzygy- finite, then the finitistic dimension of A is finite. 

In particular, we obtain the following result. 

Corollary 3.4 Let A be an artin algebra with r&d 5 A = 0. If pd A r&d 2 A < oo, then the 
finitistic dimension of A is finite. 

Proof. Note that A/rad 2 A is an algebra with radical square zero and hence is torsionless- 
finite. Thus the conclusion follows from Corollary 13.31 □ 

Proposition 3.5 Let A be an artin algebra and I be an ideal with Ira.dA = and pd A I < 
oo. If A/I is syzygy-finite (resp., syzygy-bounded, Igusa-Todorov), then A is also syzygy- 
finite (resp., syzygy-bounded, Igusa-Todorov). In particular, the finitistic dimension of A 
is finite. 

Proof. By assumptions, for any N G A— mod, we have that IQ A N C irad(P/v) = 0, 
where P x is the projective cover of N. Hence Q A N e Z4, where Z4 denotes the class of 
all A- modules which are also A/I-modvles. It follows that A— mod is syzygy equivalent 
to a subclass of X4. Moreover, we have that pd A A/I < 00, since pd^J < 00 by the 
assumption. Hence, if A/ 1 is syzygy-finite (resp., syzygy-bounded, Igusa-Todorov), then 
A— mod is also syzygy-finite (resp., syzygy-bounded, Igusa-Todorov) by Corollary 12.81 □ 

Generally, we have the following result. 

Theorem 3.6 Assume that = Jo C ij_ C • - • C I n are ideals in A such that pd^/j+i < 00 
and (Ii + i/I i )Tad(A/I i ) = 0, for each < i < n — 1. If A/I n is syzygy-finite (resp., 
syzygy-bounded, Igusa-Todorov), then A is also syzygy-finite (resp., syzygy-bounded, Igusa- 
Todorov). In particular, the finitistic dimension of A is finite. 

Proof. Denote that A\ = A/Ii for each < % < n. So Aq = A. Note that pd A A; < 00 
for each < i < n, since pd A Ii < 00 by assumption. 

Take any X e A — mod and denote X\ = f^oAo, then we have an exact sequence 
— > Xi — t- P Xq — > X — > 0, where Px is the projective cover of X . Since I\Xi = 
IiQa Xo C IiiadA(Pxo) — by assumptions, we see that Xi is also an Ai-module. 
Inductively, for each < i < n — 1 and each Aj-module X iy we obtain an exact sequence 
—> X i+1 — > P Xl — > Xi — i- 0, where P Xl is the projective cover of the Aj-module X i7 such 
that Xi + \ is also an Aj+i-module. 

Now restricting these exact sequences to A-modules and combining them, we obtain 
an exact sequence — > X n — > Py„_i —>••••—>■ Px ~> X — > of A-modules, where X n is 
also an v4 n -module and each P Xi is projective as an Aj-module. 

Denote now V = add^©^ 1 ^)' t nen eacn Px t G V and gdV < 00 by assumption. 
Let A n be the class of all A-modules which are also A n -modules. Then we obtain that 
A— mod is syzygy equivalent to a subclass of A n from the above exact sequence. Now the 
conclusion easily follows from Corollary 12.81 □ 



Corollary 3.7 Let n be the integer such that racTM = 0. 

(1) If pd^radM < oo for each i > 3, then A is Igusa-Todorov. 

(2) If pd A r&d l A < oo for each i > 2, then A is syzygy- finite. 

In particular, the finitistic dimension of A is finite in either case. 

Proof. Consider the ideals = rad n A C rad n_1 A C • • • C rad 3 A C rad 2 A Then clearly 
(rad^A/radU) ■ rad(A/radU) = 0. 

(1) Since A/iad 3 A is an algebra with radical cube zero, it is Igusa-Todorov by [12] , 
Hence we obtain the conclusion by assumptions and Theorem 13.61 

(2) Since Ajxad 2 A is an algebra with radical square zero, it is syzygy-finite. Again we 
obtain the conclusion by assumptions and Theorem 13. 61 □ 

As special cases of Corollaries 13.41 and 13.71 we obtain the following result. 

Corollary 3.8 // rad A = 0, then the finitistic dimension of A is finite provided that 
pd A rad 2 A < oo or pd^rad 3 ^ < oo. 



4 Examples 



In this section, we will present examples to show that our results do apply to check 
the fmiteness of the finitistic dimensions of some algebras. 

Example 4.1 [4] Consider the bound quiver algebra A = kQ/J where Q is given by 




o 
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and J is generated by the set of paths {a 3 , (3a, atfiip, (3pi, dji — £72} where i — 1, 2. Then 
A is syzygy-finite. In particular, the finitistic dimension of A is finite. 

The algebra was proved to have finite finitistic dimension in [1] by showing that 
££°°A = 3. Here the notion ££°°A denotes the infinite-layer length of A, see [4] for 
details. In fact, one main result in [1] asserts that an artin algebra A has finite finitistic 
dimension whenever ££°°A < 3, generalizing the known result for algebras with radical 
cube zero. 

Now we give a different proof of the fmiteness of the finitistic dimension of A. Moreover, 
we prove that A is syzygy-finite. 

To see this, let I\ be the ideal generated by (3 and I2 be the ideal generated by 
P, 71)72,62- Then J x C I 2 and Iii&dA = = (J 2 / 'Ii)r&d(A/ 7i). Moreover, pd A /i < 00 
and pd A I 2 < 00. Note that A/I 2 is of the form 




o 



with relations = a 3 = a^p, where i — 1,2. Clearly A/I2 is a monomial algebra and 
hence is syzygy-finite. Now by Theorem 13.61 we obtain that A is also syzygy-finite. 

Example 4.2 Consider the bound quiver algebra A = kQ/J where Q is the same as in 
Example \4-l\ but J is generated by the set of paths {a 6 , (3a,apip, (3^,5^1 — £72}, where 



i = 1,2. Then A is syzygy-finite. In particular, the finitistic dimension of A is finite. 

The algebra is revisited from Example 14.11 and the argument is the same. Note that 
here ££°°A = 6, so we can't use the results in j4]. 

Example 4.3 [IH] Consider the bound quiver algebra A = kQ/J where Q is given by 




and J is generated by the set of paths {a(3, ae, ad, a£, 7/3, -y5, 75, 7^, (e, e(, r/e, r]£, (3a — 
S'-f}. Then A is syzygy-finite. In particular, the finitistic dimension of A is finite. 

It was shown in [16] that A has a semisimple extension A' such that radA = r&dA' 
and A' is a trivially twisted extension of two algebras of finite finitistic dimension. Con- 
sequently, by results in [IB] , the algebra A has finite finitistic dimension, see [TB] for 
details. 

Now we give a different proof of the finiteness of the finitistic dimension of A. Moreover, 
we also show that A is syzygy-finite. 

To see this, let / be the ideal generated by a. Then hadA = 0. Moreover, pd^J < 00. 
Note that A/ 1 is of the form 




with relations = £7 = 7/? = 7<5 = 76 = 7^ = (e = e( = £C = r/e = 7/£. Clearly A/ 1 is a 
monomial algebra and hence is syzygy-finite. Now by Proposition 13.51 we obtain that A 
is also syzygy-finite. 



Example 4.4 Consider the bound quiver algebra A = kQ/J where Q is given by 




and J is generated by paths {p 6 , cx 6 , a(3, ae, a8, a£, 7/3, 7<5, je, 7^, (e, e(, r/e, 7/£, (3a — 5^}. 
Then A is syzygy-finite. In particular, the finitistic dimension of A is finite. 

The algebra is revisited from Example 14.31 and the argument is almost the same. 
Example 4.5 Consider the bound quiver algebra A = kQ/J where Q is given by 



in 

and J is generated by the set of paths {cryj/3 — a^j(3 for all 1 < i < j < n, a 3 ,/? 6 }. Then 
A is Igusa- Todorov. In particular, the finitistic dimension of A is finite. 

In fact, let / be the ideal generated by {7^, 1 < i < n — 1}. Then I 2 = 0. Moreover, 
pd A J < 00. Note that A/ 1 is of the form 



with relations = ajf3 = a 3 = /3 6 . Clearly A/ 1 is a monomial algebra and hence is 
syzygy-finite. Now by Corollary 13.21 we obtain that A is Igusa- Todorov. 

Similarly, we can also obtain that A° is also Igusa- Todorov and hence has also finite 
finitistic dimension. 

We note that the Gorenstein symmetry conjecture, the Wakamatsu-tilting conjecture 
and the generalized Nakayama conjecture also hold for the algebras in these examples. 



The author thanks for the referee's highly valuable comments and suggestions. In par- 
ticular, the notions of "syzygy-bounded" and "syzygy-equivalent" are due to the referee, 
as well as Propositions 12.71 
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